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Abstract
The notion of strong p-Helly hypergraphs was introduced by Golumbic and Jamison in 1985 [M.C. Golumbic, R.E. Jamison,
The edge intersection graphs of paths in a tree, J. Combin. Theory Ser. B 38 (1985) 8–22]. Independently, other authors [A. Bretto,
S. Ubéda, J. Žerovnik, A polynomial algorithm for the strong Helly property. Inform. Process. Lett. 81 (2002) 55–57, E. Prisner,
Hereditary clique-Helly graphs, J. Combin. Math. Combin. Comput. 14 (1993) 216–220,W.D.Wallis, Guo-Hui Zhang, On maximal
clique irreducible graphs. J. Combin. Math. Combin. Comput. 8 (1990) 187–193.] have also considered the strong Helly property in
other contexts. In this paper, we characterize strong p-Helly hypergraphs. This characterization leads to an algorithm for recognizing
such hypergraphs, which terminates within polynomial time whenever p is ﬁxed. In contrast, we show that the recognition problem
is co-NP-complete, for arbitrary p. Further, we apply the concept of strong p-Helly hypergraphs to the cliques of a graph, leading
to the class of strong p-clique-Helly graphs. For p = 2, this class is equivalent to that of hereditary clique-Helly graphs [E. Prisner,
Hereditary clique-Helly graphs, J. Combin. Math. Combin. Comput. 14 (1993) 216–220]. We describe a characterization for this
class and obtain an algorithm for recognizing such graphs. Again, the algorithm has polynomial-time complexity for p ﬁxed, and
we show the corresponding recognition problem to be NP-hard, for arbitrary p.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Let V be a ﬁnite set of vertices. We say that H = {E1, E2, . . . , Em} is a hypergraph on V if every hyperedge
Ei , 1 im, is a non-empty subset of V , and the union of all hyperedges of H is equal to V . The core of H is
E1 ∩E2 ∩· · ·∩Em. The rank ofH is the maximum size of a hyperdge ofH. A hypergraphH′ is a partial hypergraph
ofH if every hyperedge ofH′ is also a hyperedge ofH. Let V ′ ⊆ V . Say thatH′ is a subhypergraph ofH (induced
by V ′) ifH′ contains exactly the non-empty sets Ei ∩ V ′, for every Ei ∈H. Given two hypergraphsH andH′ with
vertex sets V and V ′, respectively, say thatH andH′ are isomorphic if there exists a bijection f : V → V ′ such that
{v1, v2, . . . , vk} is a hyperedge inH if and only if {f (v1), f (v2), . . . , f (vk)} is a hyperedge inH′.
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We write that S is a p-set when |S|=p, a p−-set when |S|p, and a p+-set when |S|p. Throughout the work, this
notation will be applied to any term standing for a set or family of sets. A hypergraph is (p, q)-intersecting when every
partial p−-hypergraph of it has a q+-core. A hypergraph is (p, q, s)-Helly [10] when every partial (p, q)-intersecting
hypergraph of it has an s+-core. We remark that (p, 1, 1)-Helly hypergraphs are simply called p-Helly hypergraphs,
and (2, 1, 1)-Helly hypergraphs are simply called Helly hypergraphs.
A hypergraphH is strong p-Helly if for every partial hypergraphH′ ofH, there exist p or less hyperedges inH′
whose core equals the core ofH′. A hypergraphH is hereditary p-Helly if all subhypergraphs ofH are p-Helly.
In Section 2, we show that these deﬁnitions are equivalent and present a structural characterization of strong p-Helly
hypergraphs. The characterization leads to an algorithm for recognizing hypergraphs of this class. The algorithm has
polynomial-time complexity, whenever p is ﬁxed. In contrast, we show that the recognition problem is co-NP-complete,
for arbitrary p.
A hypergraph is a graph if every hyperedge has exactly two vertices. A hyperedge of a graph is simply called an
edge. We denote an edge of G containing the vertices u and v by uv, and say that these vertices are adjacent. A partial
hypergraph and a subhypergraph of a graph G are called, respectively, subgraph and induced subgraph of G. Given a
set C ⊆ V (G) we say that C is a complete set if any two vertices of C are adjacent. A clique is a maximal complete
set. The clique hypergraph of a graph G is the hypergraph whose edges are the cliques of G.
A graphG is p-clique-Helly if its clique hypergraph is p-Helly.We say that a graph is strong p-clique-Helly if its clique
hypergraph is strong p-Helly, and that it is hereditary p-clique-Helly if all induced subgraphs of it are p-clique-Helly.
In Section 3, we show that strong p-clique-Helly graphs and hereditary p-clique-Helly graphs are in fact the same class.
We present a structural characterization of strong p-clique-Helly graphs that leads to a polynomial-time recognition
algorithm for ﬁxed p. Again, the recognition problem turns out to be NP-hard whenever p is arbitrary.
Helly hypergraphs form a classical topic of combinatorics, since the celebratedHelly’s theorem (1923).The class of p-
Helly hypergraphs was characterized by Berge and Duchet [1]. General (p, q, s)-Helly hypergraphs were characterized
in [6]. Strong p-Helly hypergraphs were introduced by Golumbic and Jamison [7]. In [11], Wallis and Zhang present
an algorithmic technique for recognizing strong 2-Helly hypergraphs in polynomial time. A simple inspection shows
that their technique runs in time O(rm3), where r is the rank ofH and m = |H|. Bretto, et al. [2] have shown an
algorithm for recognizing strong 2-Helly hypergraphs that needs O(mr4) time and O(mr2) space, where  is the
maximum degree of a vertex in the input hypergraph (the degree of a vertex v is the number of hyperedges containing
v). Hereditary 2-clique-Helly graphs were called hereditary clique-Helly graphs by Prisner [9]; in his work, this class
was characterized in terms of forbidden induced subgraphs. The class of p-clique-Helly graphs was characterized in
[4]. It is important to note that a subhypergraph or a partial hypergraph of the clique hypergraph of a graph G is not
necessarily the clique hypergraph of an induced subgraph of G.
2. Hypergraphs
Theorem 1. The following statements are equivalent for a hypergraphH= {E1, E2, . . . , Em}:
(i) H is strong p-Helly;
(ii) H is hereditary p-Helly;
(iii) H is (p, q, q)-Helly, for every q;
(iv) every partial (p + 1)-hypergraph ofH is (p, q, q)-Helly for every q;
(v) there is no subhypergraph ofH having a partial hypergraph isomorphic to the hypergraph formed by all p-subsets
of a (p + 1)-set.
Proof. (i) ⇒ (ii) Suppose thatH contains a subhypergraphH′ that is not p-Helly. LetH′′ be a partial hypergraph
of H′ which is p-intersecting with empty core. Deﬁne a partial hypergraph H∗ of H choosing for every hyper-
edge E′′ ∈ H′′ the hyperedge of H that originated it. Since any p hyperedges of H′′ contain one vertex that is
not in the core of H′′, the same can be said to any p hyperedges and the core of H∗. Therefore H is not strong
p-Helly.
(ii) ⇒ (iii) Suppose thatH is not (p, q, q)-Helly, for some q. LetH′ be a (p, q)-intersecting partial hypergraph of
H without a q+-core. Denote the core ofH′ by C′. Every hyperedge ofH′ properly contains C′ because it belongs
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to a (p, q)-intersecting partial hypergraph and C′ is a (q − 1)−-set. Hence, in the subhypergraphH1 ofH induced
by V (H)\C′, there is one hyperedge for every hyperedge ofH′. Consider the partial hypergraphH′1 ofH1 formed
by these hyperedges. Note thatH′1 is (p, 1)-intersecting with empty core. ThereforeH1 is not p-Helly.
(iii) ⇒ (iv) Trivial.
(iv)⇒ (v) LetH′ be a partial hypergraph of a subhypergraph ofH isomorphic to all p-subsets of a (p+1)-set. Clearly,
H′ is not (p, 1, 1)-Helly. Moreover, there exists a (p + 1)-partial hypergraphH′′ ofH in which every hyperedge
contains a different hyperedge ofH′. Hence, if the core ofH′′ has size c, we can say thatH′′ is (p, c+1)-intersecting,
that is,H′′ is not (p, c + 1, c + 1)-Helly.
(v)⇒ (i) Suppose thatH is not strong p-Helly. Then there is a partial hypergraphH′ ⊆H such that the core of every
p hyperedges ofH′ properly contains C′= core(H′). ChooseH′ so that |H′| is minimum, sayH′ = {E1, . . . , Et }.
By the choice ofH′, the core ofH′\Ek properly contains C′, for every k ∈ {1, . . . , t}. That is, for every k, there is
vk such that vk /∈Ek and vk ∈ Ei for every i ∈ {1, . . . , t}\{k}. Since tp + 1, it follows that the subhypergraph of
H induced by {v1, v2, . . . , vp+1} has a partial hypergraph isomorphic to the hypergraph formed by all p-subsets of a
(p + 1)-set. 
We can apply the equivalence (i)–(iv) of Theorem 1 in order to formulate an algorithm for recognizing strong p-Helly
graphs, as follows.
A (p + 1)-hypergraphH is (p, q, q)-Helly, for every q, if and only if the maximum q ′ for whichH is (p, q ′)-
intersecting is equal to the cardinality of the core of H. This can be checked in O(p2r) steps. Since the num-
ber of partial (p + 1)-hypergraphs of a hypergraph is O(mp+1), the corresponding algorithm has time complexity
O(p2rmp+1).
Notice that, for ﬁxed p, the above algorithm runs in polynomial time.
We show that checking the strong p-Helly property is co-NP-complete for variable p. The NP-completeness of the
problem below was proved in [3]. In an induced matching M there are no edges between the vertices of V (M) other
than the edges in M.
Problem 1 (INDUCED MATCHING). Given a bipartite graph G and an integer k, decide whether there exists an induced
k+-matching in G.
Theorem 2. It is co-NP-complete to decide whether a hypergraph is strong p-Helly, for variable p.
Proof. By Theorem 1, a partial (p + 1)-hypergraph which is not (p, q, q)-Helly for some q is a certiﬁcate that this
problem is in co-NP. The transformation is from INDUCED MATCHING. Given a bipartite graph G such that V (G) =
U ∪ W and an integer k, deﬁne a hypergraphH by setting V (H) = W and creating a hyperedge for every vertex
of U . A hyperedge will contain a vertex if and only if the corresponding vertices of G are not adjacent. Finally,
set p = k − 1.
Suppose ﬁrst that G contains an induced k+-matching M. Since every edge of M contains one vertex of U and other
of W, write UM as the (p + 1)-subset of vertices of U that appear in some edge of M.
InH the vertices ofUM correspond to a partial (p+1)-hypergraphH∗={E1, E2, . . . , Ep+1} such that for any hyper-
edge Ei , for 1 ip + 1, there is a vertex vi in the core of H∗\{Ei} such that vi /∈Ei . Deﬁne
V ∗ = {v1, v2, . . . , vp+1}. Then, by item (v) of Theorem 1,H is not strong p-Helly.
Now suppose thatH is not strong p-Helly. ByTheorem 1, there is a (p+1)-subsetV ∗={v1, v2, . . . , vp+1} ⊆ V (H)
and a partial (p + 1)-hypergraphH∗ = {E1, E2, . . . , Ep+1} ofH such that V ∗\{vi} ⊆ Ei , and none of the vertices
of V ∗ is in the core of H∗. Observe that, in G, the vertices of U and W which are associated, respectively, to the
hyperedges ofH∗ and the vertices of V ∗, form an induced k+-matching. 
If a hypergraph is strong p-Helly, it is also strong (p + 1)-Helly. Therefore, say that p is the strong Helly number of
a hypergraph if this hypergraph is strong p-Helly but is not strong (p − 1)-Helly. Other variations of the Helly number
are presented in [5].
Corollary 2. Given a hypergraphH and an integer p, it is NP-complete to decide whether the strong Helly number
ofH is greater than p.
1056 M.C. Dourado et al. / Discrete Applied Mathematics 156 (2008) 1053–1057
3. Cliques of graphs
The results of Theorem 1 are valid for general hypergraphs, and in particular for the clique hypergraph of a graph.
However, since the number of cliques of a graph may be exponential in the size of the graph [8] these results do not
lead directly to a polynomial-time algorithm for recognizing strong p-clique-Helly graphs. Similarly, the algorithm for
recognizing p-clique-Helly graphs is not suitable for recognizing hereditary p-clique-Helly graphs either, because the
number of induced subgraphs may also be exponential in the size of the graph.
If a graph is p-clique-Helly, then it is (p + 1)-clique-Helly. So if a graph is hereditary p-clique-Helly, then it is
hereditary (p + 1)-clique-Helly.
For an integer p3, a graph G is p-ocular if V (G) is the union of the disjoint sets W = {w1, w2, . . . , wp}
and U = {u1, u2, . . . , up}, where W is a complete set, U induces an arbitrary subgraph, and wi, uj are adjacent
precisely when i 
= j . The 3-ocular graphs correspond to the ocular graphs deﬁned by Wallis and Zhang [11].
A graph is p-ocular free if it has not a p-ocular graph as an induced subgraph. The following lemma is straight-
forward.
Lemma 3. Any (p + 1)-ocular graph is not p-clique-Helly, for p2.
Let G be a graph and C be a p-complete set of G. The p-expansion relative to C is the subgraph of G induced by the
vertices that are adjacent to at least p − 1 vertices of C. A p-complete subset C′ of a (p + 1)-complete set C is good if
any vertex adjacent to all vertices of C′ is also adjacent to the vertex of C\C′. A vertex is universal if it is adjacent to
any other vertex of the graph.
Theorem 3 (Dourado et al. [4]). A graph G is p-clique-Helly if and only if every (p + 1)-expansion of G contains a
universal vertex.
Theorem 4. The following statements are equivalent for any graph G:
(i) G is strong p-clique-Helly;
(ii) G is hereditary p-clique-Helly;
(iii) G is (p + 1)-ocular free;
(iv) every (p + 1)-complete set of G contains a good p-complete subset.
Proof. (i) ⇒ (ii) Suppose that G is not hereditary p-clique-Helly. Then there is an induced subgraph G′ that is not
p-clique-Helly. By Theorem 3, G′ contains a (p + 1)-expansion T, relative to a (p + 1)-complete set C = {u1, u2, . . . ,
up+1}, without a universal vertex. This means that, for every vertex ui ∈ C, there is one vertex vi ∈ V (T ) adjacent to all
vertices ofC except ui . This implies the existence ofp+1 cliquesQ1,Q2, . . . ,Qp+1 ofG such thatQi ⊇ C\{ui}∪{vi}
and ui /∈Qi . Therefore the cliques Q1,Q2, . . . ,Qp+1 and the set V ∗ = {v1, v2, . . . , vp+1} imply, via Theorem 1, that
the clique hypergraph of G is not strong p-Helly.
(ii) ⇒ (iii) Consequence of Lemma 3.
(iii) ⇒ (iv) Trivial.
(iv) ⇒ (i) Suppose that G is not strong p-clique-Helly. By Theorem 1, there is a (p + 1)-subset V ∗ = {v1, v2, . . . ,
vp+1} ⊆ V and the set of cliquesH∗ = {Q1,Q2, . . . ,Qp+1} such that V ∗\{vi} ⊆ Qi and none of the vertices of
V ∗ is in the core ofH∗. Then vi /∈Qi and, by maximality, Qi contains a vertex adjacent to all vertices of V ∗ but not
adjacent to vi . Since p2, every two vertices of V ∗ are in a same clique. Hence, V ∗ is a (p + 1)-complete set which
does not contain a good p-complete set. 
To determine all (p + 1)-complete sets of a graph with n vertices O(np+1) steps are required. In order to verify for
each one if it contains a good p-complete set, we need O(np) time. Therefore the complexity of a natural algorithm for
recognizing hereditary p-clique-Helly graphs is O(pnp+2), which is polynomial for ﬁxed p. We prove that, for variable
p, the recognition problem is NP-hard.
Theorem 5. It is NP-hard to decide whether a graph is hereditary p-clique-Helly, for variable p.
M.C. Dourado et al. / Discrete Applied Mathematics 156 (2008) 1053–1057 1057
Proof. Transformation from INDUCED MATCHING. Given a bipartite graph G such that V (G) = U ∪ W and an integer
k, construct a graph G′ by creating in V (G′) one vertex v′ for every vertex v ∈ V . Given a set S ⊆ V (G), we will
denote by S′ the set of vertices of V (G′) containing exactly the corresponding vertices of S. Deﬁne G′ as follows: if
u,w ∈ U , then u′w′ is an edge of G′; if u,w ∈ W , then u′w′ is not an edge of G′; and if u ∈ U and w ∈ W , then
u′w′ is an edge of G′ if and only if uw is not an edge of G. Finally deﬁne p = k − 1. We will show that G contains an
induced k+-matching if and only if G′ is not hereditary p-clique-Helly.
Suppose ﬁrst thatG contains an induced k-matchingM. Denote byUM= {u1, u2, . . . , up+1} andWM ={w1, w2, . . . ,
wp+1} the vertices ofU andW that appear in some edge ofM, respectively. InG′ the vertex setU ′M is a (p+1)-complete
set and, since every vertex wi ∈ WM is adjacent to only one vertex of UM in G, w′i is adjacent to all vertices of U ′M but
u′i . Hence, G′ has a (p + 1)-ocular subgraph.
Conversely, assume that G′ is not hereditary p-clique-Helly. By Theorem 4, there is an extended (p + 1)-ocular
subgraph G′′ in G′.Write Vint =Vint (G′′)={x1, x2, . . . , xp+1} and Vext =Vext (G′′)={y1, y2, . . . , yp+1}. In addition,
assume that the vertex yi ∈ Vext is adjacent to all vertices of Vint\{xi} but not to xi . Suppose by contradiction that
VintU
′
. Then there is exactly one vertex in W ′ ∩Vint , say x1, because W ′ is an independent set and Vint is a complete
set. Thus, only y1 would belong toW ′, because every other vertex ofVext must be adjacent to xi andW ′ is an independent
set. But this implies that y2 is adjacent to all vertices of Vint , because U ′ is a complete set, a contradiction. This means
that Vint ⊆ U ′ and the vertices of Vint and Vext form an induced k+-matching in G. 
References
[1] C. Berge, P. Duchet, A generalization of Gilmore’s theorem, in: M. Fiedler (Ed.), RecentAdvances in Graph Theory,Acad. Praha, Prague 1975,
pp. 49–55.
[2] A. Bretto, S. Ubéda, J. Žerovnik, A polynomial algorithm for the strong Helly property, Inform. Process. Lett. 81 (2002) 55–57.
[3] K. Cameron, Induced matchings, Discrete Appl. Math. 24 (1989) 97–102.
[4] M.C. Dourado, F. Protti, J.L. Szwarcﬁter, Characterization and recognition of generalized clique-Helly graphs, in: J. Hromkovicˇ, M. Nagl,
B. Westfechtel (Eds.), Proceedings WG 2004, Lecture Notes in Computer Science, vol. 3353, Springer, Berlin, 2004, pp. 344–354.
[5] M.C. Dourado, F. Protti, J.L. Szwarcﬁter, Complexity aspects of generalized Helly hypergraphs, Inform. Process. Lett. 99 (2006) 13–18.
[6] M.C. Dourado, F. Protti, J.L. Szwarcﬁter, Computational aspects of the Helly property: a survey, J. Brazil. Comput. Soc. 12 (1) (2006) 7–33.
[7] M.C. Golumbic, R.E. Jamison, The edge intersection graphs of paths in a tree, J. Combin. Theory Ser. B 38 (1985) 8–22.
[8] J.W. Moon, L. Moser, On cliques in graphs, Israel J. Math. 3 (1965) 23–28.
[9] E. Prisner, Hereditary clique-Helly graphs, J. Combin. Math. Combin. Comput. 14 (1993) 216–220.
[10] V.I. Voloshin, On the upper chromatic number of a hypergraph, Austral. J. Combin. 11 (1995) 25–45.
[11] W.D. Wallis, Guo-Hui Zhang, On maximal clique irreducible graphs, J. Combin. Math. Combin. Comput. 8 (1990) 187–193.
